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I.  The  following  problem  arises  in  a bioassay  problem,  lie  wish  to 
choose  a c.d.f.  F of  x so  as  to  minimize  E where. 


E - J g(x)  d G(x) 


subject  to 


J x d G(x)  ■ 


(2)  J x2  d G(x)  - c2 

where  and  c2  are  given  positive  constants  c.  > c!T  and 

- A x 

g(x)  - 1 - 9 


Tie  are  also  Interested  in  finding  that  c.d.f.  which  makes  E a maximun, 
subject  to  the  constraints  above. 


We  obtain  the  following  results. 

In  Section  II  it  is  shown  that  the  minimizing  c.d.f,  exists  aw) 
that  for  this  c.d.f.,  the  probability  is  concentrated  at  two  points,  one 
of  which  is  zero.  The  minimizing  c.d.f.  is. 


F(x) 


for  x < 0 


for  Oix<- 
c C1 

for  x ~ 

C1 


In  Section  III  we  find  that  the  maximizing  distribution  does  not 
exist,  but  that  the  maximum  can  be  approximated  as  closely  as  we  like 
by  a two  point  distribution  satisfying  the  constraints.  The  approxi- 
mation of  the  maximum  to  within  £ > 0 is  obtained  by  placing  very 
large  probability  at  - $ (£)  and  the  remaining  probability  at  a value 
of  x sufficiently  large  to  satisfy  the  conditions  on  the  txxpoetod 
value  of  x\ 

In  Section  IV  we  compute  the  value  of  the  minimum  for  various 
values  of  the  parameters , 

We  find  those  values  of  x for  which 


- e 1 


1 - e 


is  equal  to  .90,  .85,  .80, ...,.01 


respectively.  For  each  value  of  - so  obtained  we  compute  J g d F 
as  a function  of  the  coefficient  of  variation.  Ibe  functions  are  plotted 


on  the  accompanying  graphs 


II.  A.  We  consider  the  following  problem:  given  g|,...,gn  continuous 

real  valued  functions  defined  on  the  interval  [a,b]  we  wish  to  find  that 
c.d.f,  F,  which  minimizes 

(i.x)  4 0 

subject  to  the  constraints 

(1.2)  h^iJg^dGiK^  i » 2,...,n 

for  Gc3^a  bj,  the  class  of  c.d.f. 's  on  [a,b]. 

We  shall  show  that  the  minimizing  c.d.f.  is  discrete],  concentrating 
probability  on  at  most  n points  of  the  interval  [a,b]. 

Proposition  1.  The  class  ^a  bj  is  ccnvox  and  compact  in  the  topology  of 
convergence  in  distribution,  [The  compactness  of  Proposition  1 is  a 
restatement  of  Holly's  theorem]. 

Let  the  mapping  T:  3^  bj-*Rn  be  given  by  T*G  * (^g1(x)dG(x),^g2dG,. . . 
for  Ge3^a  bj,  when  RQ  is  n-dimensional  Euclidean  space. 

Denote  by  T the  image  of  bj  under  T.  We  shall  sometimes  denote 
points  of  T by  y.  The  transformation  T is  linear  and  therefore  is  con- 
tinuous and  preserves  convexity.  Hence  we  have: 

Proposition  2.  The  set  T is  convex,  closed  and  oounded. 

The  restrictions  (1.2)  define  a closed  convex  subset  of  I;  call 
this  set  y\ 

We  restate  our  problem  as  follows.  We  wish  to  find  that  point  y 
in  T^  whose  first  coordinate  is  a minimum.  Since  is  closed  and 
bounded  a minimizing  point  exists  and  is  a boundary  point  of  and  also 
of  T so  long  as  T1  is  non-null. 


We  characterise  the  minimum  as  follows.  It  is  assumed  at  a boundary 
point  *7  of  T.  Hence  there  is  a supporting  hyperplane  H for  I containing 
y.  But  H is  at  most  n-i-dimensional.  Therefore  y can  be  written  as  a 
convex  combination  of  at  most  n extreme  points  of  T which  lie  in  H» 

But  it  is  easy  to  see  that  all  extreme  points  of  7 correspond  to  one 
point  distributions,  i.e.  points  of  the  fora. 


( J gi(x)d  5c(x),...,Jgn(x)d  Sc(x))  - (g1(c),...,gQ(c)) 


where 


Sc(x) 


0 for  x < c 


1 for  x >.  c 


Thus  y may  be  given  by 


y ■ gx(x)d  Sc  (x),...,J  gn(x)d  (x)) 


a 


» 


where 


1,  Aj  £0 


From  which  it  follows  that 


5 


is  the  minimizing  distrlbuticn. 

B.  Consider  the  following  problem.  Let 

**/3x 

gx(x)  - 1 - e ' 
g2(x)  - X 
g3(x)  - X2 

be  defined  for  x £ 0. 

Let  ^ be  the  class  of  c.d.f.’s  on  [0,0c).  i?e  wish  to  find  that 
c.d.f.  F in  & which  minimizes 

ShiT 

subject  to 

Jg2  d F “ cl 

and 

Jbj  1 F - C2 

where  > c^. 

In  order  to  apply  the  results  of  A we  shall  first  consider  a 
modification  of  this  problem  as  follows „ 

Let  gp  g2#  gj  be  defined  for  xS[0,bJ  for  some  b > 0,  and  let  be 
replaced  by  3rn  , ,,  the  class  of  c.d.f.  »s  on  [0,bj„  In  fchia  modification 
the  results  of  II  assure  us  that  the  minimum  exists  and  that  it  is  given 
by  a discrete  distribution  concentrated  at  not  more  thsn  three  points*, 


In  the  present  ease  this  result  can  be  sharpened.  The  minimising 
e.d.f . Is  concentrated  at  just  two  points,  one  of  which  is  aero.  The 
following  argument  establishes  this. 

We  know  that  there  is  a supporting  plane  of  T at  the  minimum  y, 
that  is,  for  some  ^2>  ^3  ****  k. 

\ *1  * \ *2 ' 2}  y3  • k 

^1  71  * ^2  72  + ^3  y3  for  811  yeT  8 

Since  the  first  coordinate  y^  is  being  minimized  we  know  that  f 0, 
and  may  normalize  so  as  to  make  X±  * 1.  Also,  7 can  be  written  as  a 
convex  combination  of  extreme  points  of  T satisfying  the  (same)  linear 
relation.  We  ask,  "For  how  many  x*s  in  [0,bj  is  the  function 

(1)  g(x)  ♦ A 2 x ♦ A3  X 

minimized?"  We  show  that  there  are  at  most  two,  one  of  which  is  zero. 
Differentiating  with  respect  to  x we  find  that  the  derivative, 

(2)  “/*X  + >2  + 2^  x - 0 

is  a convex  function  and  has  at  most  two  roots.  These  cannot  both  give 
minima,  for  if  they  did,  there  must  be  a maximum  of  (1)  between  them 
and  hence  a third  root  of  (2)«  Thus,  the  case  of  two  roots  in  the 
interior  of  [0,bj  corresponding  to  minima  is  excluded. 


The  following  cases  remain. 
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Consider  the  possibility  that  the  function  (1)  is  minimized  at  three 
points  o,  x,  b,  0 < x < b. 

He  exclude  this  by  noting  that  there  would  then  be  a relative 

maximum  of  (1)  between  0 and  x and  hance  a root  of  (2)  between  0 and  x, 

and  similarly,  between  x and  b„  This  implies  that  there  are  three 

distinct  roots  of  (2),  which  is  false. 

He  are  left  with  three  cases)  First  that  the  minimum  is  assumed 

2 

at  just  one  point, which  is  the  case  when  “ c^„  In  this  case  the 
minimizing  distribution  is  5 (x)  and  the  minimum  is  (1  - e )<> 

A 

There  remain  two  possibilities,  that  the  minimum  involves  the 
pair  of  points  0,  and  x or  else  that  it  involves  the  pair  x and  b„ 

He  shall  show  that  there  is  a value  of  b,  say  b^,  so  that  for  b > bQ 
the  minimum  does  not  involve  b. 

Suppose  b > c^.  (If  b < e.^  the  restrictions  cannot  be  satisfied. ) 
Suppose  we  use  two  points,  0,  x,  with  probabilities  1 - p and  p 
respectively.  The  restrictions  are  then  sufficient  to  determine  x and 
p.  We  obtain 


p x - cx 
2 

px  -o2 


So  that  the  value  of  E • J d F obtained  when  0 is  involved  is 


fi 


u-« 


O 


From  strict  concavity  of  it  follows  that 


c,  c?  - /&  c. 

(l-o  ) T*  < (1  - • ) 


Let 


fa 


*1  - (1  - « ) - (1  - o x) 


M 


Given  £ > 0 we  nay  select  bQ(fe)  such  that 

bn  > 1 < £ . 

0 b0 

Then  if  we  use  x and  b with  probabilities  1 - p and  p respectively 
we  find  that  where  b > b^ 

(1  - p)  x1 2  + p b2  - c2 


implies 


P 


£ 


c2 

p < -t  < e 
o 

1 - p > 1 - £ • 


From  the  first  restriction  it  follows  that  x is  forced  to  be  close  to 


9 


or. 


(l-p)x+pb«e1 


x - "a  ’ - l)  * H 


I1 -'ll 


l-€ 


Thus  x can  be  made  to  differ  arbitrarily  little  from  as  £ — > 0. 
Now  since  g^(x)  is  monotone  increasing 

p gx(x)  + (1-p)  g1(b)  2.  g1(x)  > g-^)  - y 


for  £ sufficiently  small,  say  & < £q.  Thus,  we  find  that  using  0 
and  x gives  a lower  value  of  £ than  that  obtained  using  x and  b for 
b >b0(^0). 

Thus,  the  mini  mum  is  attained  by  a c.d.f.  concentrating  probability 

2 2 

C1  C1  c2 

(1  - — ) at  0 and  probability  — - at  x • The  minimum  is  then 

C2  C2  *1 

-/0—  2 

/ ®i  ®i 

(l*e  ) — which  is  independent  of  b. 

c2 

C.  We  have  shown  in  B that  for  the  problem  with  £0,oo ) replaced  by 
[0,b],  the  minimizing  c.d.f*  exists,  that  it  is  a distribution  con- 
centrated at  0 and  one  other  point  and  that  the  minimum  is 
c2 

'H  4 

(l*e  ) — which  is  independent  of  the  bound  b. 

e2 

We  now  show  that  this  is  in  fact  the  minimum  over  all  G&^0 
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Take  any  G*,^  satisfying 


Jx  d G - cx 


I*  d G - c2  . 


Then  J gi  d G exists. 

Given  € > 0 we  can  find  b so  large  that 


x d G < £ 


ft  o 

J x d G < £ 


A 


d G < E . 


Ky 

31~  xdG»c% 

0 1 


c2  - e < J x2  d G - c*  < c0 
0 <■  2 


and  by  the  previous  result, 


"/^  ^ *2 

c!  e,  ? co 

* eiia<f  gii0  • 
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Since  this  is  true  for  evexy  £ > 0 it  follows  by  continuity  that 

”/^cT  c?  oo 

(i  - a «dG  for  all  G 

and  hence  that  the  tno  point  distribution  yields  the  minimum, 

IIIc  We  consider  the  problem  to  find  that  Codof,  F(x)  which  maximizes 

F,c 


E - J (1  - a ) d F(x) 


subject  to  the  constraints 
(1)  Jx  d F(x)  « c3 


(2)  Jx2  d F(x)  - c2 

where  c,  and  c0  are  given  positive  constants , c,  > c'.~ 

We  notice  first  that  if  v;e  ignore  the  constraint  (2)  then  the 
maximizing  c.d,f0  i3 

S (x)  - 

This  follows  readily  from  the  fact  that  1 - e / is  a concave  function. 


0 for  x * c. 


1 f or  x £ c^ 


Imposing  an  additional  constraint,  namely  (2)  cannot  increase  the 
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maximum.  However,  we  notice  that  we  can  got  as  close  as  we  please  to 
the  maximum,  i.e.,  given  S > 0 we  can  find  x and  p such  that 

(l-pK^-S)  ♦ p x - 

(l-pXoj-S)2  ♦ p x2  - c2 

and  given  £ >Owe  may  take  $ > 0 such  that 


(1  - 


- fi  (c^-  S) 


)(l-p)  ♦ (1  - e ^ )p 


(1 


7* 

- e ' 


Thus,  the  second  constraint  requires  at  least  a two  point  distribution, 
while  the  concavity  of  precludes  actually  attaining  g-^(c^)  with  such  a 
distribution.  Hence  the  maximizing  distribution  does  not  exist.  The 
maximum  may  bo  approximated  as  closely  as  we  like  by  a two  point  distri- 
bution satisfying  both  constraints. 

IV.  Computational  Results. 

Let 


then 


- li  - 


(X  — • 


•fi  c2 

-•  ' % !i  . kUL 


- a<d+T2) 


i ♦ v* 


We  shall  consider  the  values  of  x and  ^ for  which  £ is 
.90,  .85,  .80,,. <,,<,05,  ,01,  l,e„,  those  values  of  y for  which 


F(j)  - 1 - e - .90,  .85,  ,80,.. .05,  .01 


For  each  value  of  X so  obtained  we  plot  in  the  accompanying  graphs 
the  expected  value  E 


- y a-*2) 


2 2 

as  a function  of  the  coefficient  of  variation,  v , for  values  0 s v <6 
It  is  interesting  that  when  the  expectation  corresponding  to  a 
value  of  y is  small,  the  effect  of  increasing  the  coefficient  of 
variation  is  also  small.  For  example,  if  X is  such  that  £ is  .15 
then  £ is  reduced,  to  .098  if  the  coefficient  of  variation  is  in- 
creased from  0 to  6. 

Ir  the  accompanying  graphs  we  also  compare  £ as  a function  of 
the  coefficient  of  variation  of  x when  the  minimising  distribution  is 
used  with  the  corresponding  quantities  wh«  x has  the  Gamma  distribution 
Suppose  that  x has  a Gamma  distribution,  i.e.,  the  density  f of  x 
is  given  by 


f(x) 


a-*-1.-** 

PM 


o 


x > 0 


The  coefficient  of  variation  is  given  by 


v 


2 


n(n+l) 


1 

n 


We  also  have 


oC  - 


1 

vTS(x) 


o 


Suppose  we  are  given  a mean  E(x)  for  which  y'  yields  expectation 
Then 


F - 1 - e 


E(x^ 


o 


Nov  ve  assign  a coefficient  of  variation  v 


2 


Then  the  value  of  F Is 


fall 
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B[1 


P(  n) 


dx 


" C1  " • 1 - tl  ♦ ^rn 

-l  - {l  */$e(x)  V2}  y2 


where ^E(x)  - - log  (1  - F) 


~±. 

v2  log  (l  - P)}V  . 
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V.  The  methods  and  results  of  this  paper  are  stellar  to  those  of 
P.  C.  Rosenblooa,  "Quelquee  classes  de  problfcass  axtrAoaux,”  Bull.  Soc. 
hath.,  France  79  (1951)  1-58,  (1952)  183-215  and  S.  Karlin  and 

1.  S,  Sbapley,  "Geometry  of  honant  Spaces,"  Memoirs  of  the  Amer.  hath. 
Soc.,  No.  12,  1953,  pp.  1-93. 
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v coefficient  of  variation 
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■■BBBBBBBkJIBflBBBIBBIBBBBIBflBBBBBBBBflBBBBBBBBBBBBBIBBflBBflfllBBBBBBBBBBB 

BBBBBBBBBB^BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB 

IflBBBBBflBflMlBBBBIBfllBBBBBBBBIBBBBIBBBBBBBBBBBBBBBIBBBBBBBBBBBBBBBBBBB 

■BflflBBBBBBBklBBBIBBIlBBUBBBIlBBBIflBBBBBIBBBflBBBBIiaBBBBBBBBBBBBBBBBB 

■BBBBflflBBIBBkBBfllBailBBiaflBflHBBBBBBBBBflBBflflflBBBBIflflflflflBBBBBflflBBBIBBB 


|BBBBBBBBBBBBBBBB[BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB 
■BBBBBflBBBBBBflBB*JIBIIBBBIBBBIBaBBIflBlflBflllflflflBflBflBBBBBflflBBflflflBBBBaaBBI 
aBflBBflflflBBBBflBBBBBkVaflflaaBflaaaBBBaBBaBBBaBBBBaBBBBBBBBBBBBflBBBBBBBBBBj 
■ BBBaflBflBBBBBBBMaBKBBflBBflflBBBBBBBBaBaBflBBBBBBBBBBBBBaBBflBBBBflBaBBBBBa 
iBBBflBBBBBBBBBBBBBBBBBnflBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBflBBBBBBBBBBBfl 
iBBflflBBBBBBBBflBBBBBBBBBIrBBBBBIBBBBBBBBaflBflBBBBBBflflflflflBBBBBBBflflBBIflBBflBB 
flBBBBBBBBaBBBBBBflBBflBaBt^BflBflflBBaBBBBBflflBBBBBBBBBflBflBBBBBBBBflBBBBBflBBa 
iBBBBBBBBBBBBBBBBBBBBBaBBB^'BBBBBBBBBBBflBBBBBBBBBBBBBBBaBBBBBBBBaBBflflBBB 
iBBBBBBBBBBBBBBBBBBBBIBBBBBBfc^BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBj 
iBBBBBBBBflBBBBBBBBBBBBBBBBBBBk^BBBBBBBBBBBBBBflBaflflBBBBBflBBBBflBBBflBflBBBfl 
■BBBBaBBBBBBBaBBBBBBBBBBBBBIBflC'lIBBBBBBfllBBBBBBBBaBBBBBBBBBflBBBBBBBBBa 
IflBBBBBaBBBflBflBBflaflflBBBBBBBBBBBflBt^flBBBBBBBBBBBBBBaBBBflBBaflBflflBBBBBflflia 


iBBBBBBBBBBBBBBBBBBBBBBBBBHBBBBBBBBBBBCIBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBi 

■BflBBBBBBIBiaBaBBafllBflaBIBflBBBBBBBBBBBBk^BBaBBBBBBaBBBflBBBBBBBIBBBBBBg 

iBBBaBBflBBaBaBflBBaflflaBaBBaBBBaBBBBaaBaflBBBBkBaBBBBBBBBBflBBBBBflflBBBBflBBH 

laBBBBBBaBaaBBaBBBBBBBflaBBBBBBBBBBBflBBaBBBBBBBa^VaBBBBBBBaflBBBBaaBBflBBa 

laBBBBBBBBaBaBBBBBBBaBBIBBBBflBBBBBaBaaaaBaBBBBaBBfekraaBBBBBBBBBBBflBBBflB 

iBaaBBBaaBBaBBaBBBaBBBaBaaaBBBaaBaBBaaBBBBBaaaaBBBBBBaa^aaBBBBaaBBBBBBB 

|aBHnBBaaaaaaBBBBaaaaBiaflaaaaBaaBaBaaaBaaaflaaaflaaaaBBBBB*»raaaBBBBBBri 

iBBaaaaaBBBBBaflaaBBaBBBaBBBflBBBBaBiBaaaBBBBaaBBBBaBBBaBBiaaaaBBBBBBBBBB 



laaBBBaBaaBaaaBBaBBBaflBBBaBBBBBaBBaBBBBBBBaBBBaaBBBBBBBflBBBBBBBBBBBBBBli 

|BaBBBaaBBBaBBBaaaaBBaBaBBaBBaBBBBBBBBBBBBBBBBBaBBBBBBBBBBBBBBBBaaaaaaB 


iBBflBBBBBBBBBBBBBaBflBBBBBBBBaBBBflBBBflBBBBBBflflBflaBnBaBflBBBflaBBBflflBBBBBfla 
|BBBBflaflBaBBflBBBBBBBBBBflaBBBaflBflaBBflBaBaBBaBBBflBaBBaflBaBBBBBaBaBaBBBBBi 
■BaaflaBaaaflaaflflflaflaaaaaaaaaaBBaaBaflaaBaaaaflBBaaaaBBBBaaflBBaaaflBflaaaBBd 



BBBaaBBaaaBaaaaaBBBaflBaaBBaBBBBaaaaBaBBaaBaflaaBBaBBaaaflBBaaaaaBflBaaBB 
■EBaaaBBaaBBBBBBBBflaaBaBBBaBaaBBaaBBaaBaaaaBaaaaaaaaaaaaaaiBaaiflaaaBBa 
laSaaaHaBBaflaaaaBaaaBBaBBBBBBBBaBaBaaaaaaaaflBaBaaaaaaaBBaBaBBBBflflBBBa; 
|BBBBBaaBaBBBBBBaBaaBBBaaBBaBaBBBBBaaBBBaBBBBBBBBaBaaBBBBaBBBBBBBBBBBBB 
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IlBBaBaaaBBBBaBBBBBBBBBaBBBBBBBaBBaBBBBBBBaBBaBBBBBaBBBBBBBBaaBaBBBBBBBB 
paBBBBBDBBBBflBBBBBBBBBBBBBBBBBIIIHIIIHIHIIIIIIIIIlSlIgiMllllHHan 
laBBflBBBBBBBBBBBBflaBBBBBIBBflflflBflaBBaflllHIlHIIHIIIlSuHIHlSnnSSSS 
|BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBZBZZ2 2222222222 
laBBaaBBBaBBaaBBaBBBBBBaaBaBaaaBaBBaaBiiiiiiiiililiiliilSSSSSSSSSSSSSS! 
■■■■■■■■■■BflaBBflaBBBaBflBaaaBflaaaBaaflBaaflBaaHHnaauHNHHiiiHHMi 

iBBBBBBBBaflBBBBBBflBBBBBBBflaBBBBflBBBBBaaBBIBBBBflBflBBflflBflBB^iBiBflBBBflBBBfl 

aaaaaBBaBaBaaBBBaBBBaaBBaaaBflaaBBBflaBBflBBBBBBBBBflBBBBBflliBKBBflBBBBiii! 

BaBflaaaaBaBBflBaaaBaBBaaflaaaaaflaflBflaBaflaaaaaaaaaaaaaBBaaBBBaaflaBaBHBiisn 

■BaaaaaflaBBBflflaaBaaBBflaBBaBflBBaaaflBflaaBBiBflBBBflBBBflBBBflflBBBaflBBflBBBBflB 

■■BaaaaBBBBBBaBflBaBflBaaBBBBaBaaaBBBBaaBBBBBaflBBBBBBBBBBBBBlBBBBaBBiS! 

BaBaBBBflBBaflBBBBaflaBaBaBflflBBBBaflBBflaaaBBaflBBBBBBflflBBBflflBK*a*iBBBBlin! 

■BBBBBBBBBBaBBBBflaaaBaBflaaflBBBBBaBBBaaBBBBaBBBBBflBBBBBBBflflBBBflBBflflflBflB 

!!SSSSSSS!!!BBaaaBBBaBBBaBBBBBBBBaBB>BHB"BBBB"H»HiiiiiiBiSSSSSSaSS 

S5552SS55525S255552S52:225BBBaiBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBiiiiiiSi 

liBBBBBaHBBaaBBBifliBBBaBBaBBaaaiBaBaaaaBaBBBBflaaflaBBBaBaBaaBaBflBaBBiBHi 

!!!aaaaaaaaaaaaaaaaBBaaBBBBBBaBaaaaBaaaaaBBaBaBaaBaaflBaaaflBaBaaaflBBHHSi 

BBBBBBBBBBBBHaHBBBBBBaaaBaaBBaaaBBBBaaiBaaaaaaBaBBBBsaBaBaBBBBBBBKfl* 

■■BBBBaBBBBBBaaaaBBaBBBaaBBaaBaaaBBBBBaaBaaBBaaBaaBBBa2222222a22222222 

■■■■■■■■■■■■BBBBBBBaaBBaBaBaaaBBBeBaaaaaa22222222222222ZZZZZZ22Z222Z22 

aBaBBBBaaBBaaBBBBaaaaaBBBBBBaBBaBBBBaBBaaaaaBBBBBBaBaBaaBaBa2222a22222 

aaaaBBBaaaBBBaBaaaBaBaBBBaaBaBBaaBBaaBBaaBBBBBBBBBaaBBBBaBaBBaaaa22222 

■■■BBBBBBaBBBBBaBBBBBBBBBaBBBBaaaBBBBBBaBBBBaaBBaBaaaBa222222222222222 

222222222222f22BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBaBBBBiiaaaB2a2B2B 

laBaaaaaBBBBBBBBBBBBBaBBBBBBBBBflBBBBBBflBBBBaBBBflBBIflBflaBBaBBaBBBBSSBM 

aaBaaaaaBBBBaaBaaaBaaaaaaaBaBaaBBBaBaaBBBaBBBBaBaaaBaaa2a2222222222222 

BBBiBBBBBBHaaaaaaBaaaBaaflBiBiaaiBBBBaBBBBaBiaaaiaaBBBiBBBBBaaBaiaaaaB 

BBBBBBBBBaBBBBBBaaaaaaaaaaaaBBBaaaBaBaBBBBBBaBaBBaBBaaBBaaaBBBBa2a2222 

!B22;BBBBBBBSBB2BBBBaBBBBBBBBBBBBaBBBBBBaaaBBiiiiiiiiiaiiiii52222222522l 

HHii^^H»2nMZI2r22aBBB!?5B2B2!BI,BailBai,lliaBBaBaBaaBIIIBaBBBBaiaBIIIIIBBl1 


a«a>s>s»aflBaaBaaaaaBaBBaaaaaaaflaaaaaaaBBBaBBaaflBaaaaaaaBBBBBaa!22222:2222 
Z2222222222222222222222BBaBBBBBBBBBaBaBBaBBaaBBBBBBa»aa»»HaMa5Hi 
2222222222222222222!I2222BBBBBBBBBBBB*®BBBBBBBBBBBBBBBBBBBBBBBBBBaaa*» 
2222222222222222222!BBBaaaaaaBBaBaBaaaaaaaaaBaaBBBBaaaaaaBBaBBaBBBBaBa 

2222222222222222222222222222222222bbbbbbbbbbbbbbbbbbbbbbbbbbbbb,,bbbbbb 
JJJJSJJJJJJJJJJJJJJjaajjaaaaaaaaaaaaaaBaaBaaaBBBBaBaaaaaBBBBBBBBBBBBBaB 
lBIIBaaaaBIIBBaBBIIIBBBBaaaaaBaaaaaaaaaaBaBBBaaaBaBaBaaaBaaaaaaawaBaaa^^J 


v coefficient  of  variation 


value  of  g 
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v~  coefficient  of  variation 
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HHH^^HHHlBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBflBBBBBBBBBBBBBBBBBBBBBBBBB 
|BBBBBflBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB 
iBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBflB 
laaBBBBaBBaBBBBBBBBBBBBBBBaBBBBBBaaBaaBBBBBBaBBBBBBBBBBaaBaBBBBBBBaaBaa 
IbBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB 


GAMMA  DISTRIBUTION 
MINIMIZING  DISTRIBUTION 
n Y.  on 


BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBflB 

BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB 

BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBflBBBBBBBBBBBBBBBB 


IBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB 

I::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::: 


■ ■■■■■■■■■■aBHaaBBaBBBaBHflaBBaBBBBBHBBBBBBaBaaBBBBBHBBaaBBaflBBHBB 


■■■■■■■■■■■■■■■■■■■■■BBBflBBBBBBBBBBaBBBBaaaBBBBBBaBBaaBBBBBBaaaaBaBBBB 

BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB 


■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■aaBaBBaBBaBaBaaaBBBBBaBBBaBBBBBBBBaaB 

IbBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB 


"■■■■■■■■■■■■■■■■■■■■■■■■■■MBBBBaWaBBBBBBaBBaBBBBBaaBBBBBBaaaaaaBB 

■■■■■■■■■■■■■■■■aBBBBBBBBBBBBBBBBflBBBBBBBBBBBBBBBBBBBBBBaBBflBBBBBBBBBB 

■■■■lllgIlllBlWM»«««aaaaa««««««aaaaaaaaBBBaBBBaaBBBBBaBBBBBBBBBBB 

■■■■■■■■■■■■■■■■■■■■■■bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 

BBBBBBBBIBBBBBUBBBBBBBBBBBBBBaBBHBBaBBBBBBBBBBBBBBBBIBBBBBBBBaBBBBBB 


■■■■■■■BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB 

■■■■■■BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBflBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBI 

■■■■■■■BBflBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB 


HBBBBBBBBBBBBaBBBBBflBBBBBBBBaaBBBBBBBBBBBBBBBBBBBBBBflBBBBBBBBBBBBaaBB 
bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 
BBBBBBBBBBBBBBBBBBBBBBBBBflBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB 
bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 
bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 

■■■■■■■■■■■■■■■■■■■■■■■■■■■■■BBBBBBBBBBBBBBBBBBBBBaBBBBBBBaaflBBBBBBBBB 


BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB 

BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB 

sssssssssssssssssssssssssssssssssssasssssssssssEsssssssssssssssssssSSs 

S=SaSSBSBSSaSBSS5SBa5SS5S5BSSaSSBSSSSSSSSSBSSSaSSSSBSSSSSSBSSSSSSsSs5S 

ssBssssssssssassssBsssssssssasssssssasssssassssBsssBsssBsssssssssassss 

k^BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBaBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBfl 

BBk^BBBBBBBBBBBBBBBBBBBBBBBBBBBBaBBBBBBBBBBBBaflBBBBBBBBBBBBBBBaaBBBBBB 

BBBBBBCBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB 

BBBBBBBB<k=BBBBBflBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB 

BBBBBBBBBC^feCaBflBBBBBBflBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBSSSSllSSSllSSlS 

BBBBBBBBBflBBSBBlia^BBBBBBBBBBflBBBBflBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB 

■■■■■■■■■■■■■HaBBBKZBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB 

■■■■■■■■■■■■■■■BBASBBBBBSSBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBaBBBBBBBBBB 

BBBBBBBBBBBBBBBBBBBBlk=BBBBBBBSS«BBBBBBBBBaBBBBBBBBBBBBBBBBBBBBBBBBBBBB 

■■■■■■■■■■■■■■■■■■■■■■■^^■■■■■■■BSai'BBBflBBflBBBBBBBBaBBBBBBaBBBBBBBBBB 


BflBflBBBBBBBBBBflBflBBBBflBBBBBBBBkS<IBBflBBBfllBflBBBBriC:S"«BBBBBBBBBBflBBBBBB 
BBBBBBBBBBBBBaBBBBBBBBBBaBBBBBflBBBB=«BBBBBBBBBBBBBBBBBBBti£E=BBBBBBBBBB 
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBfi59BBBBBBBBBBBBBBBBBBBBBBBBBBBB 
HBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBES9BBBBBBBBBBBBBBBBBBBBBBB 
■ flBBBBBBBBBBBBBBflflBBBBBflBBBflBBBaBBBflflBBBBBBBflflBBak.=CfaBBBflflflBBBHn!l 
|i||ii|ii|iiii|i||a|i|a|B||B|aflBBBBaBBBBaBBBBBaBBBBBBBBBBSS9BBBBBBBBaB 
^ — — — — 1 1 BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB 
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB 

bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb 

■■■BBBaaBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBaBB 

■■■■■■■■■■■■■■■■aaaaaaaaaBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB 

BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB 


pBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBi 

■■■■■■■■■■■BBflBBIBBBBBBBBBBBBBBBBBBaBBBBBBBBBBflBBBBBBBBBBBBBBBBBBBBIflfll 
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